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This paper contains a generalization of a theorem on the irreducibility of 
polynomials, proved by the author in 1956 [2]. Instead of roots of unity we 
now consider an arbitrary nonreal unit y of the m-th cyclotomic field r, . 
We prove the following 
THEOREM. Let {uk> be a sequence of rational integers a, < a2 < a-- < a, 
with n > 6. Let f(z) be the manic polynomial over the rational field rI which 
contains the unit y among its roots. Let Q(x) be a manic polynomial with rational 
integer coejk’ents, of degree less than n. 
The-n the polynomial 
is irreducible over the rational jield. 
Proof. By A. V. Capelli’s Theorem [3] F(x) is irreducible over r, if and 
only if 
F,(x) = Q(x) fi (x - 4) - Y 
kc=1 
irreducible over I’, . 
To complete our proof we only have to show that F,(x) is irreducibl over 
r WI* 
Assume the contrary and put 
where the polynomial g(x) is irreducible over l?, with minimal degree; 
assume further that g(x) is manic. The coefficients of g(x) are algebraic 
integers from the field r, . 
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g(x) clearly has the following properties: 
1. degg(x) <n -- 1. 
2. The algebraic integers g(a,) are units. This follows immediately, since 
F&z,) =- - y  = g(d) h(u,) (h = 1,2, ***, n) 
is a unit and g(+), /~(a,) are algebraic integers from the field r,,, . 
By Kronecker’s Theorem for units of the mth cyclotomic field [I] we can 
write the unit g(q) in the form 
g(4 = 4 ) (4 
where Ed is a real unit and ft is a root of unity. 
Ifj # 1 then 
&4 ~-~ s(4 
uj - al 
is an algebraic integer from r, , and so by (2) 
(ai - a,) I (%5 - @3> 
or 
since division by the unit •~5~ is permissible. 
From (3), by taking complex conjugates, we obtain 
From (3) and (3’) we clearly obtain 
From (4) we evidently have 
the norm being that of some field containing & and & . 
Now we prove the following 
(3) 
(3’) 
LEMMA. The roots of unity tj , [ which occur in (5) have the following 
property : 
El = + tj I (6) 
if 
dj - at ) > 2. (6’) 
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Proof of the Lemma. The factors of the right-hand side in (5) are 
,p p 
--3 
k’!’ pt1 
(t = 1,2, *.. m,) 
3 1 
for all conjugates with respect to rr. 
The estimate 
fori, I = 1, 2, *em, n and all t implies 
I ( norm ;; 
4. ----CL & )I < 2”‘. 
(6’) gives 
Hence the right hand side in (5) vanishes and thus our Lemma is proved. 
Since the numbers a, < a2 < ... < a, are integers, and from our Lemma 
we see that 
a, - a, > 2 and 5, = f (1 , 
a5 - a, > 2 and 56 = zt 51 , 
a6 - a, > 2 and Ee, = f: 61 , 
an-al>2 and 5;, =- f 61 , 
further 
a,-aa,>2 and 6.5 = f 52 = f 61 P 
a, - a, > 2 and 5, = f 5, = It 51 - 
For all roots of unity II, we find 
6, = f 51 (h = 1, 2, **a, n). 
By the Lagrange Interpolation,s formula we obtain 
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where 
Therefore the polynomial 
is real. 
Dividing the real polynomial <I(s) nil_, (x - ai,) by the real polynomial 
g(x)lt,, we get 
where the polynomials S(x), Y(X) arc real, and 
.?(X) deg r(x) < deg - . 
1 
(7) 
Since the polynomial 
is divisible byf(x) we have 
Y(X) e y  (modg(x)). 
Bp (7) this clearly implies 
Y(X) -< y. 
We now obtain a contradiction since 
Y(X) is a real constant, 
y  is a nonreal unit. 
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